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CN \ Abstract 

By resorting to recent results on the Quantum Field Theory of mixed particles, we discuss 
some aspects of three flavor neutrino mixing. Particular emphasis is given to the related 
algebraic structures and their deformation in the presence of CP violation. A novel geometric 
phase related to CP violation is introduced. 
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1 Introduction 

o ' 

Some progress has been done recently in the direction of finding a proper mathematical 
setting for the description of mixing in Quantum Field Theory (QFT). This is obviously 
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a quite relevant task, in view of the importance of neutrino and meson mixing in the 

O 



43 
Oh 



context of particle physics [1, 2]. 

It is worth to point out that [3] mixing of states with different masses is not even 
allowed in non-relativistic Quantum Mechanics (QM). In spite of this fact, the quantum 
mechanical treatment [4] is the one usually adopted for its simplicity and elegance. A 
review of the problems connected with the QM treatment of mixing and oscillations 
can be found in Ref. [5]. Difficulties in the construction of the Hilbert space for mixed 
^ ! neutrinos were pointed out in Ref. [6]. 

Only recently [7, 8, 9, 10, 11] a consistent treatment of mixing and oscillations in 
QFT has been achieved, based on the discovery of a rich non-perturbative structure 
associated to the vacuum for mixed particles. This vacuum appears to be a condensate of 
particle-antiparticle pairs, both for fermions and bosons. The structure of flavor vacuum 
reflects into observable quantities: exact oscillation formulas [7] have been derived in 
QFT exhibiting corrections with respect to the usual QM ones. 

In this paper, we first review some aspects of the quantization of neutrino mixing in 
the case of three flavors with CP violation and then discuss the group structure involved 
in the mixing and the related representations, both for two- and three-flavor mixing. The 
deformation of the associated algebra as well as the geometric phase due to CP violation 
are also discussed. 
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2 Three flavor fermion mixing 



We discuss here some aspects of the QFT of three flavor fermion mixing [7]. 

Among the various possible parameterizations of the mixing matrix for three fields, 
we choose to work with the standard representation of the CKM matrix [1]: 



U^ m (x) 



u 



( C12C13 S12C13 

-S12C23 - Cl 2 S23Sl3e l<5 C12C23 - Sl2S23Sl3e 

V S12S23 - c 12 c 23 s 13 e lS -c 12 s 23 - s 12 c 23 s 13 e 



size 
S23C13 
C23C13 



with Cij = cos 6ij and Sij = sin^-, being 8ij the mixing angle between Vi,Vj and = 
(1/1, u 2 , u 3 ), = (z/ e , v T ). We work here with Dirac fields although similar conclusions 
are valid for Majorana neutrinos as well [7]. 

As shown in Ref.[7], the generator of the transformation (1) is 1 : 



it(x) = Ge\t)i$(x)Ge(t), 
with (a, i) = (e, 1), (/i, 2), (r, 3), and 

G e (t) = G 23 (t)G 13 (t)G 12 (t) , 



where Gij(t) = exp 9ijLij(t) 



and 



Lu(t) = / d 3 x v\(x)v 2 {x) - i4(z)i/i(z) 

^23 if) = Jd 



L 13 (5,t)= /d 3 x 



v\{x)v 3 {x) - vl{x)v 2 {x)\ , 
vl(x)is 3 (x)e~ lS - i'l(x)iy 1 (x)e t 



(2) 
(3) 

(4) 
(5) 
(6) 



It is clear that the phase 5 is unavoidable for three field mixing, while it can be incorpo- 
rated in the definition of the fields in the two flavor case. 



^et us consider for example the generation of the first row of the mixing matrix U. We have 
due/dOzt = 0; and dv e /d6 13 = G^G^[v u L 13 ]G 13 G 12 = G^G^e~ iS v 3 G 13 G 12 , thus: 

d 2 v e /d0 2 3 = -v e => v e = ,f(9 12 ) cos 9 13 + 5(6*12) sin 9 13 ; 

with initial conditions: f{0 12) = v e \e 13 =o and g{9\ 2 ) = dv e / 'd8i 3 \g 13= o = e~ %i v 3 . We also have 

d 2 f(0 12 )/d0 2 3 = -f(6 12 ) => f(e 12 ) = Acos6 12 + Bsm9 12 

with the initial conditions A = v e \e=0 = v\ and B = df(9i 2 )/d9i 2 \e = o = v 2 , and 9 = (9i 2 , 9\ 3 ,9 23 ). 
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The free fields V; L can be quantized in the usual way (we use t = x ): 

u t (x) = £ J d 3 k [K ti (t)a r Ki + v r _ Ki (t)(3%] e* k ' x , i = 1, 2, 3 , (7) 



with Mkj(t) = e'^'^u^i, v^it) = e lUk ' it v 1 k ^ and u kji = y k 2 + mf. The vacuum for the 
mass eigenstates is denoted by |0) m : ttki|0) m = /3£j|0) m = 0. The anticommutation 
relations are the usual ones; the wave function orthonormality and completeness relations 
are those of Ref . [7] . 

There it was also shown that the above generator of mixing transformations has a 
non-trivial action on |0) m . The vacuum for the flavor fields can be then defined as: 

|0(t)>, =G- 6 \t)\Q) m . (8) 

The flavor annihilation operators defined as a^ a (t) = Gg 1 (t)a^ fie^t) and Pl? a (t) = 
Gg 1 (t) \G g(t) were studied in Ref. [7] and shown to exhibit a non-standard Bogoliubov 
like term. For example, the annihilation operator for electron neutrino is (in the reference 
frame k= (0,0, |k|)): 

<, e (t) = c 12Cl3 < )1 + Sl2 c 13 (t/ 1 k ;(0<, 2 + W&t)^) 

+e- lS s 13 (U$(t) < 3 + <TV*(t) (3%) , (9) 
with Bogoliubov coefficients defined as: 



1 i 

2 /, ,. I <m \ 2 



13 \ 2u k>i J \ 2u k:j J \ (u kji + mi)(uJ Kj +mj)J 



- - 

2 / / . i , . _l_ /m . \ 2 



i F ki = I Wk,i + m \ I u k ,j + rrij . , ,~, ^ . ^ 

JJ V 2cJ M / V 2 ^,i / Ki^kj + mj) (u k ,i + mi)J 

where i, j = 1, 2, 3 and j > i. We also have |£/ k | 2 + \ V^\ 2 = 1. 

The flavor fields can be expanded in terms of the flavor ladder operators as: 

v a {x) = E / rf3k [ul^XM + v r - Kl (tWlAt)} e tk ' x , (13) 

r J 

with (a,i) = (e, 1), (//, 2), (r, 3). 

Let us now investigate the algebraic structures associated with the mixing generator 
Eq.(3). To this end we introduce the following Lagrangian: 

C(x) = * m (x)(i0-M d )* m (x) = * f (x)(i0-M)* f {x), (14) 
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where M d = diag(m 1 ,m 2 ,m 3 ) and the matrix M is non-diagonal, being fixed by the 
mixing relations Eq.(l). 

The above Lagrangian is invariant under global U(l) phase transformations, leading 
to a conserved (total) charge Q = J c? 3 x ^^(x) ^ m (x) = J d 3 x^(x) ^f(x). 

We then study the invariance of C under global phase transformations of the kind: 



V m (x) = e M > F >* m {x) , j = 1,2,.. .,8. (15) 
where Fj = \\j and the Aj are a generalization of the usual Gell-Mann matrices Xf 
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The normalization is tr(\j\ k ) = 25jk- One then obtains the following set of charges [7]: 

Qm,j(t) = j d^l{x)F^ m {x) , j = l,2,...,8. (17) 

Thus the matrix Eq.(l) is generated by Q m> 2(t), Qm^if) and Q m j(t), with {S 2 , S 5 , 5 7 } — > 
{0,5,0}. An interesting point is that the algebra generated by the matrices Eq.(16) is 
not su(3) unless the condition A = 5 2 + 5 5 + 5 7 = is imposed: such a condition is 
however incompatible with the presence of a CP violating phase. When CP violation is 
allowed, then A ^0 and the su(3) algebra is deformed. To see this, let us introduce the 
raising and lowering operators, defined as [1]: 



We also define: 
2 - 



Y 



T± = F 1 ± iF 2 



Tq = F? 



, U ± = F 6 ±tF 7 , V ± = F 4 ±iF 5 (18) 
U 3 = \ (VSF S - F 3 ) , V 3 = UV3F 8 + F 3 ) (19) 



The commutation relations are 



[f 3 , f ± ] = ±t± , [f 3 , c/ ± ] = =f^e/ ± , [f 3 , vy = ±iv± , [f 3 , y] = , (20) 
[y,f ± ] = o , [y,c/ ± ] = ±t/ ± , [y,vy = ±v± , [f + ,f_] = 2f 3 , (21) 

[U + ,U-\ = 2U 3 , \V + ,V-] = 2V 3 , [f + ,V + ] = [T + ,EL] = [U + ,V + ] = 0, (22) 
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that are similar to the standard SU(3) commutation relations. However, the following 
commutators are deformed: 

[T + ,VL] = -U-e 2iA ° 3 , [f+,U + ] = V + e~ 2lA ^ , [U+,V-\ = T_ e 2iAfa (23) 

Let us define the operators: 

Ql = \Q + Qm,3 + ^Q m ,8, (24) 

Q2 = ~Q — Qm,3 + ^Qm,8, (25) 

Qs = \Q - ^Qm,S, (26) 

Qi = E / rf3fc («Ci«L,i - > < = 1»2,3. (27) 

These are nothing but the Noether charges associated with the non-interacting fields vi, 
v 2 and u 3 : in the absence of mixing, they are the flavor charges, separately conserved for 
each generation. 

In a similar way with the above derivation, we can study the invariance properties of 
the Lagrangian Eq.(14) under the transformations: 

*' f ( x ) = m f (.r). j = 1,2, ..,8. (28) 

Then the following charges are obtained 

QfA*) = JcFxtffWFjVfix), j = l,2,...,8. (29) 

In contrast with the previous case, note that the diagonal elements Qf,z and Qf 8 are 
now time-dependent. We define the flavor charges for mixed fields as 

Q e (t) = \q + Q f ,s(t) + -^QfM (3°) 
Q,(t) = \q - QfAt) + ^QM, (si) 
QAt) = \q - ^QfAt)- (32) 

with Q e (t) + Qn(t) + Q T (t) = Q- These charges have a simple expression in terms of 
the flavor ladder operators: 

QAt) = E /d 3 * «At)a r Ka (t) - CU0/?: k) .(0) , * = e,VL,T, (33) 

r J 

because of the connection with the Noether charges of Eq.(27) via the mixing generator: 
Q a (t) = GA{t)QiGe{t). In Ref.[8] the above flavor charges were used to derive oscillation 
formulas which generalize the usual ones obtained in Quantum Mechanics. 
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3 Group representations and the oscillation formula 



We now study the group representations. Let us first consider the simple case of two 
generations and then discuss the three flavor case. 

3.1 Two flavors 

In this case [7], the group is 577(2) and the charges in the mass basis read [7]: 

Qmj(t) = \J d^l(x)r^ m (x), j = 1,2,3, (34) 

where = (ui, i/ 2 ) and tj = <Jj/2 with <7j being the Pauli matrices. 

The states with definite masses can then be defined as eigenstates of Q m ,3- 

Qm,3Wl) = 5 Qmfi\v2) = (35) 

and similar ones for antiparticles. We have \vi) = o^ ti \0) m , i — 1,2. Eq.(35) expresses 
the obvious fact that the mass eigenstates, treated as free particle states, are eigenstates 
of the conserved U(l) charges associated to v x and v 2 : 

1 1 

Ql = + Qm,3 ; Q2 = -jQ - Qm,3- (36) 

The next step is to define flavor states using a similar procedure. We need to be 
careful here since the diagonal SU(2) generator Qf,3 is time-dependent in the flavor 
basis. Thus we define states (Hilbert space) at a reference time t — from: 

QfMW) = l -K) ; Q f MW) = -\w)- (37) 

with \v a ) = ttk|o-(0)|0(0))/, a = e, /i and similar ones for antiparticles. 

The flavor states so defined are eigenstates of the flavor charges at time t — 0: 

Q e (t) = l -Q + QfAt) ; QAt) = \q- QfAt), (38) 

Q e (0)\v e ) = \v e ) ; QM\^) = W)- ( 39 ) 

andg e (0)|z/ M ) = Q^0)\u e ) = 0. 

This result is far from being trivial since the usual Pontecorvo states [4]: 

We)p = cos# \ui) + sin# \u 2 ) (40) 
\vij)p = —sm.6\vi) + cos9\v 2 ), (41) 
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Figure 1: The triplet. 



are not eigenstates of the flavor charges. The Lorentz invariance properties of the flavor 
states Eq.(39) have been discussed in Ref. [12]. 

At a time i ^ 0, oscillation formulas can be derived [7] for the flavor charges from 
the following relation 

MQfM"*) = i-|^ k 2 | 2 sm 2 (2^) sin 2 ^ '^ t) - 1 sin 2 (2fl) sin 2 ^ + u ^ t ) 

(42) 

where the non-standard oscillation term do appear. 



3.2 Three flavors 

Having discussed above the procedure for the definition of flavor states in the case of two 
flavors, we can directly write, for three flavors, 

<2<r(0)K) = K) > Qa(0)\u a ) = -\u a ) , a = e,/i,r, (43) 

leading to 

Wa) = ^(0)10(0))/ , |P«r>=^(0)|0(0)>/ , a = e,ii,T. (44) 

These neutrino and antineutrino states can be related to the fundamental represen- 
tation 3 and 3* of the (deformed) SU(3) mixing group above introduced, as shown in 
Fig.l for neutrinos. Note that the position of the points in the Y — T3 is the same as for 
the ordinary SU(3), since the diagonal matrices A3, As do not contain phases. However, 
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Figure 2: The octet. 



a closed loop around the triangle gives a non-zero phase which is of geometrical origin 
[13] and only depends on the CP phase. A similar situation is valid for antineutrinos. 

To see this more in detail, let us consider the octet representation as in Fig. 2 and 
define the normalized state \A): {A\A) = 1. Then all the other states are also normalized, 
except for \G): \G) — ^=T_|A). We obtain the following paths 



(AGBA) : 
(ABGA) : 
(AFGA) : 
(AGFA) : 
(AFGBA) : 



V+U-T^A) = V + ([[/_,T_] +T_[/_)L4) = V + V.e 2l/XV3 \A) = e \A) 
f + U + V_\A) = e~ iA \A) 



f + V-U+\A) 
U_V + f_\A) 



-iA 



V + U-V-U+\A) = \A) 
(AFEDCBA) : V + f + U^V-f_U+\A) = \A) 

where we have used 



(45) 



U.\A) = T + \A) = V+\A) = 0, T a \A) = \A), V 3 \A) = -\A) , U 3 \A) = -~\A) (46) 

and the commutation relations. 

We thus see that the phase sign change if we change the versus of the path on the 
triangles; the paths on two opposite triangles and around the hexagon bring no phase. 
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4 Conclusions 



In this report, we have discussed some aspects of the quantization of mixed fermions 
(neutrinos) in the context of Quantum Field Theory. 

In particular, we have analyzed the algebraic structures arising in connection with 
field mixing and their deformation due to the presence of CP violating phase, in the case 
of neutrino mixing among three generations. 

We have defined flavor states in terms of the representations of the group associated 
with field mixing. A new geometric phase arising from CP violation was discovered. 
Other geometric phases related to fermion mixing have been discussed in Refs.[14]. 
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